
We remind thatFIFI surface is a smooth minimal algebra surface
Swith q

s 0 and KEO
123 surfaces have invariants 0,9 0 Pg 1

e 24 RIS O

An Enriques surface is a smooth minimal algebrai
surface S with 9151 0 anda ven trivial
canonical bundle for which 24 0

Enriques surfaces have invariants
s 9 Pg o

9 12 K 51 0

Instoriffihiena posed questo
wether a surface with q pg

o is necessarily
rational

Enviques answered to this question there are

examples of surfaces with g g
o that are

not rational These were the firstexamples
of Enviques Surfaces
Later an Castelnuovo proved the beautiful
Theorem Castelnuovo Rationality Criterion
S is a rational surface 9151 0 and

Pa ti 2k sto



We observe that
any Enriques Surface

is

the quotient of an Etale double covering of
a 123 surface
Indeed given

an Enviques Surface Y
then 2k 0 so LI Ky and D 0

defines an abelian cover T Y with

group G 212 By construction is étale
ho vanifilation so is smooth minimaland

by Riemann Hurwitz Ky Ky
Thus 2k Izky 0 and since L Ry
then Pg 1 ho X Kx L X Ox hi Oylt

hit LÌ hit by holy Ry 1 0 1
ServeDuality

So 24 0
Pg A 1 REO

Instead 91 1 4 X 0 1 Lily Oylth YLÌ2h Y 0,1 29141 0

Thus is a h3 surface
Remark 123 surfaces are always simplyamected so the universal cover

of an Enriques surface is always a K3
surface
WARNING The opposite is false namely is at



true that
any

RS surface has an rivalution
e Autirsi s.tk cosis Enriques

Lenzi the divisors Dg determina La up to torsionF Pignatelli 2023 Cov 1.6 Pardi Prop 2.1

Any invertible sheaf Lx XEG satisfies

EHIDg
itdeletes
the orderof

proof We prove by Induction a k that

Ktx Lyn ELFI Dg
K 1 Trivial so suppose the thesis holds for R 1

We use Pardini Equation La 1 La Ehe.FI
However by inductive hypothesis we have

Killy EHI Dg La EavesigPf
Kly Lyn tè L D Σ

T.ee e
sPs

2 k 1 bydefinition
Then vi rin V7 1h ivi 21g

mi In
Instegif

In both lates Dg olans in with
multiplicity YI



Finally for 12 1 1 then Lyn LI 0 and

1 7 is an integer because gi e

111 ii Y
As we have seen in Example 1 above verifying that a set

of building data
determine an abelian cover can become

computational challangenig as the number of equations to
satisfy grows quadraticallywith the orderof G The next

proposition reduces the number of linear equations to

satisfy to just the light of thegroup G

Def reduced building data Let X Y be a G cove

Smooth normal with build data 444 494
Assume G È CX Then hhxilii.es 474sec
is called a set of Incedbuildigdatoft



Proposition Pardini Prop 2.1

Y be a smooth algebraic variety and let G be
an abelian

group
Let Xi be semegenerators of G so

G LX Xss
Given an abelian cover T X Y with

group
G

and building
data Lahey Dglgeo then

Via s Hilly YYDg I

Conversely given a collection 24 4 of line
bundles of Y and divisors

Dgigeo such that
hold for any X Xs then it there exists

a abelian cover X Y with
group

G
When is normal then it has reduced building
data Ly Lxs LDgbgeg

If Y is complete then the reduced buildingdata
determine the cover up to isomorph of Galois covers

proof Given an abelian cover it then 4 hold
by the previous Lenna 1

Furthermore bdxha.at are determined by 4h ha
and Aglgeg To see this we remind that



1 tie is the reminder of s.MS by the divisionwith 1g
2 La LE LE LEI where a actr

Thus let us consider a
e g

E

We need to write Lx in fustinofLx.li LDg3g

Lxi xin Lxsas Lx EiKiEYxsJDg

yet as.Lxs E.LY Dg E.FegEJD
L xs.in asta Effi Jpg

asr 2181 8

and by 2 wehave

EIFFEL LYIJLEE.ie
This computation suggests that

Éailxi 97dg where 9 IIII
Let us prove it by induction on s

1 1 This is Lenna 1

By the previous computation we have

4,4 hn asta Ell Je
iii t.INIisYi s

lL iEFJ D

LE E S 1 1 1 EE EEEEIJLEetE



È di Lx Eg 91Dg and the thesis follows
Cowersely let us consider a set of data Lxii
Dslg of Y satisfying 1 To prove the existens

of a covering T It is sufficient to define
the remain Lx e such that 42 4 6

andDaysatisfy Pardini Equations
he previous computation suggests how to define d

GEFITÉILI where gi Eiji
Let us prove hhxkc.at and Dglgeo satisfy
Sardini Equations

LEI jo ai4i E97Dg
biLxi

E94Dg4

xbl xgbs

Efaitbillx El9
8
97 Dg

Lxn E L Dg and we havedone
if we prove gigg gf IYI
194 1 1 L 1 L'EI

by 2



Example If Y is simply corrected then
Picca

hasnyt.to I
c

DEPICIYI

Indeed if ND o then we can choose G
and the reduced building data LED Dg otge
Pardini Equation becomes nD 0 which is
satisfiedby assumption so this would define
an ètale In covering

X Y with degree

digiti n This I is atopological covering
to a

symply connect top space IT is an iso namely
n degiti 1

Let us consider an abelian cover X Y
with reduced building data 2 1 La Dgigeg

Then by Lena 1 Hildx Dg so

i is determined by Dg up to torsion

Theis if Pisahas not torsion such as for rational
varieties P IPHIP Fm which are simply connected
then Lx are uniquely determined by the Dg
The only condition to ensure that Psigeg
define an abelian covering with group G is that



ÌÌ Dg is kit divisible namely it is

linearly equivalentto 1 1times another divisor
In this case we would define

Lxi È Ds

Then by the previous Prep thx _Last Deb
are reduced building data of a mique
ab

covering
whose

vending La are given by

Lx figEIIIDg by Lena 1

FF this reason when Piccy has not torsion
then we say that a collection Dgigeo of Y
for which EtyfiDg is Mil divisible

defines a unique abelian cover I X Y
with group G

ceyers
Let G Zyx and Y P IPELFITA Dei O XP Dei 1 17 Dai P

Destre 0 Be 4 P 1 De sei
Ds o otherwise

Pic 1YI CH Haz so let us verify that given
E E dual basis of e es an GÉCE ED E Dgis



it divisible P

DIFETTI
g FÉD8 Dg De 4Dae certDe 22

3BenèDeiner

E H 4H Ha 3Ha Ha
5 4H Ha Le Oplpi Hitthe

ÌÌ DE Dg De 4Dae Lei De 22 4Be 4 Deinea

H 4H 242 Ha 4112

E 5 M 2Ha Le Oplp Mi 2Ha

Thus Dshge xp in Pk IP defines a unique
abelian

covering
it S D'xD with group 6715

Def S is talled Beaville surface It is a

Smooth surface ofgeneral type Kodairadim 2

with K 8
Pg

s
9151 0 151 1 e 51 4

It has been constructed by Beaville in his famen
book in an alternative way

than how we did

Isee Exercise X 13141 in Beauville Complex
Algebraic Surfaces
It is avery importantexample

in the literature of
algebraic surfaces of general type



Exples Let 6 2 1 Y P and
Lei en

let De li Den ln Da.nliei lk 1P
be1k 1 lines

FALet G LEI En with si dual character

of ei E le
si

ID E FIERI Duneeismyfus

De 0 0 In 1 Danze MM

Le Ope H Vs 1 n

Thus Dglgeo defines an abelian
covering

T P with group G 4
Def T P2 is called abelian cover ofHirzebruch

Type Hirzebruch studied and classified
these kind of coverings in Arrangementsof lines
and Algebraic Surfales in the sense that he
established for any possible configuration of lines
what type of surfaces are in Enriques Kodaira

classification Most of them are smooth but

if we choose special configuration of lines then
they became singular He studied the slope



Rhys of the minimal model Soft
and feud 3 beautiful examples satisfying
Bagandor Miyaoka Yan equality

K 9710s It
is talled BMY Inequality

They proved Sof gen type K's 9 1951 FieldsPedal
These examples are obtained with the following configuration of
lines
G 2 6 27

HessePencil
6 258

e


